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Abstract 
In a truss structure, which comprises many elements of equal angle steel section, an eccentricity may take place due to the 
different position between the center of area of equal angle steel section and the center of bolt connection, which might violate 
the existing vibration theory. This paper present the result of a research project that investigation of slender element of equal 
angle steel section of L.30.30.3 and of 120 cm in length with 3 variations of support type; that are pinned-pinned, clamped-
clamped and pinned-clamped, were tested under axial compressive load and transversal vibration impact simultaneously. The 
results showed that increasing the axial compressive load leads to a reduction of the natural frequency of the structure. The theory 
of end rotational stiffness for pinned end support (σ=0) and clamped support (σ=∞) are difficult to occur on the implementation. 
The analytical predictions of the  axial compressive force by regression of the frequency for combinations of pinned-pinned, 
clamped-clamped and pinned-clamped supports provide better accuracy than that the original data of the frequency of the test 
results. 
© 2014 The Authors. Published by Elsevier Ltd. 
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Nomenclature 
A cross-section area 
Cw wrapping constant 
E elastic modulus 
f natural frequency 
G shear modulus 
I second momen area of cross-section 
Imin minor second momen area off cross-section 
Imaks major second momen area off cross-section 
Io moment inertia of polar 
Ixy product of inertia 
i radius of gyration 
J st venant torsion contant 
K effective lenght constant of compressive beam 
L length of beam 
M moment load 
m mass per unit-length 
Pcr critical axial load 
P axial load 
ω angular velocity 
σ end rotational stiffness 
λ slenderness ratio   
1. Introduction 
1.1 Background  
In vibration method, modeling ideal condition of the end supports is difficult to be applied. Limitations of the 
space, connection between elements and the implementation of construction demands lead to the modification of the 
object approaching the ideal condition of design. Steel angle sections are widely used in transmission tower and 
truss structure where the connection between elements are welded and bolted in one end of leg of the cross section. 
This gives an eccentricity on the forces acting on the center of the cross section at once changing the basic 
assumptions of design that is generally based on pinned and clamped support. Therefore, the experiment is 
necessary to predict the behavior of the rod elements under compressive force with respect to various type of 
supports. These results will give a good approximation to the magnitude of compressive force with vibration 
method. The test results will be given a reference of practitioners in designing the structure of planning and 
evaluation structure in post construction. 
This research is limited to: (1) Slender element of single angel L30x30x3 of 1.2 meter length (λ=203.408) under 
compressive load; (2) Stage of loading carried out at interval of 1 kN at clamped-clamped type support and 0.5 kN 
for other type of support combinations; (3) Type of support limited to combine of clamped and pinned support; (4) 
The measurement limited to frequency which occur at each stage of loading; (5) influenced of thermal, noise and 
higher mode are neglected.   
The purpose of research are: (1) to know the influence of axial compressive load increases on natural frequency 
of single angle L30x30x3 at various type of support; (2) to evaluate the rotational stiffness support value on 
frequency response of single angle beam at various type support under compressive loading; and (3) to predict 
compressive force of single angle at various type support from the measure frequency value. 
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2.2  Literature Review 
Beam-column structure that received the axial load also had a moment on the element. It was because the 
expected axial load on the central axis of the cross section very difficult to implement. However, in the analysis 
using truss elements single angle profile, just axial compressive and tension are assumed to occur on that element 
[1]. Some testing of beam under compressive load on the value of E = 30,000 psi or around 206.842 MPa, the 
critical load values conformity with Euler beam theory, which assumed only axial load were working, going to the 
element that had the numbers slenderness λ = l / r > 100 [2]. Testing single steel angel profile L51x51x6.4 under 
compressive load with a variety of slenderness ratio (Kl /r) of 94, 125 and 155 at variations of eccentricity on major 
and minor axis indicated that an eccentricity effect provided a significant reduction in the compressive force service 
ability. However, at the slenderness ratio of λ = 155, the eccentricity of the major axis at the cross section was not 
affect its compressive strength services, while at the minor axis was relatively small [3]. 
An investigation on the effect of axial load on natural frequency and mode shape of beam has been carried out by 
bisection method. These results were presented in the form of an overview chart axial load relationship and the 
frequency response of the non-dimensional equations and tables of boundary conditions, the critical load (Pcr) and 
the Eigen values of the variation type support of the beam models [4]. In Ref. [5], an investigation to determine the 
axial load on Prismatic Euler beam has been conducted with a laboratory-based testing method for vibration under 
tensile load. Tests carried out on a solid steel cylinder loaded by loading and unloading at Tinius Olsen tensile 
testing machine with accelerometer placement at a distance of 4/5 of the length with the load excitation by impact 
hammer. The results showed that the addition of data on all three levels of frequency mode did not deliver more 
significant results in the prediction. A different approach has been performed in Ref. [6]. Mode shape and the first 
frequency were used to estimate the axial compressive force as experimental approaches. The axial load estimation 
results showed very good accordance with the real value. Although the end constrain stiffness was rather far away 
from the analytical value for the limit condition pinned-pinned and clamped-clamped and was therefore not 
convincing. 
2. Basic Theory 
2.1 Analysis of beam flexural vibration (Euler Beam) 
Overview of flexural vibration analysis modeled in Fig. 1 By using the principle of force equilibrium and 
D'Alembert forces ie: R(x, t) = m2w/dt2, the governing equations can be arranged as follows [7]: 
4 2
2
4 2
( ) ( ) ( ) 0.W x W xEI P m W x
x x
Zw w   w w
  (1) 
 
Fig. 1. A Schematic of a thin elastic beam [7] (a) axial compressive load on beam; (b) element detail 
 
By non-dimensional unit length = x / L, then we can write a general solution to the preceding equation in the form; 
W( x L)=C1sinhD x + C2coshD x + C1sinβ x + C1sinhβ x    (2) 
where the value; 
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Which the values of klN   are different for each type of support. The calculations of the first mode provide the 
value of each types for clamped-clamped, clamped-pinned and pinned-pinned are 4.370, 3.927, and 3.1416 
respectively [2]. 
Assuming a frequency value equal to zero (f = 0) and the boundary conditions at each end of beam are 
combination of pinned, clamped and free, then the value of the critical load (Pcr) can be determined by the equation 
shown in Table 1. 
The effect of axial load on the natural frequency of the axial compressive force formulated [8] with: 
0
1
0
n
n cr
f P P
f P P
z   
  (5) 
Table 1 Value of critical load (Pcr) [2] 
Types of Support Boundary Critical Load (Pcr) 
Calmped-Clamped y= dy/dx= 0  at x= 0 and x= l 
2
2
4 EI
L
S  
Clamped-Pinned y=dy/dx= 0 at x= 0y=d2y/dx2= 0 at x= l 
2
2(0.699 )
EI
L
S  
Clamped-Free d2y/dx= 0 at x= ly= dy/dx= 0 at x = 0 
2
24
EI
L
S  
Pinned-Pinned y=d2y/dx2= 0at x= 0 and x= l 
2
2
EI
L
S  
 
2.2 Analysis of flexural beam with end rotational stiffness 
A governing equation of flexural beam approach with end rotational stiffness has been developed based on the 
theory of Eulerian flexural beam [9]. The addition of rotational stiffness values at the end boundary conditions is 
conducted through the following equation: 
(0) (1) 0;W W    
2
12 0 0;
W W at x
x x
Vw w   w w   
2
22 0 1
W W at x
x x
Vw w   w w  
Where,   
1 2
1 2,
k L k L
EI EIV V   (6) 
k is the stiffness value on each of ends of the beam. By applying the boundary conditions, the characteristic 
equation can be expressed as follows: 
2 2 2 2 2
1 2 1 2
2 2
1 2
( ) ( ) sinh sin 2 (cosh cos 1)
( )( )( cosh sin sinh cos ) 0
D E V V D E D E V V DE D E
V V D E D D E E D E
ª º    ¬ ¼
     
 (7) 
by assuming the value of V corresponding with the certain condition of the end of beam, then other forms of 
completion of governing equations are as follows, 
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a. Rotational stiffness with the same value on the both ends, V1= V2 = V 
^ `2 2
2 2
2 2 2
( ) sinh sin 2 (cosh cos 1)
2( )( cosh sin sinh cos )
( ) sinh sin 0
a
b
c
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D E D D E E D E
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   
  
    (8) 
And the form of a new equation becomes  2 0a b cV V    
So the value of V can be solved by the equation 
2
1,2
4
2
b b ac
a
V  r  
 (9) 
b. With rotational stiffness and pinned at the end of the beam. V1 ≠ 0, V2 = 0 
2 2 2
1 2 2
( ) sinh sin
( )( cosh sin sinh cos )
D E D EV D E D D E E D E
     (10) 
2.3 Analysis of beam flexural-torsional vibration 
On pinned type support and the beam with single symmetry of cross section, In Ref. [10] provide a solution to the 
equation of flexural-torsional beam following: 
2 2 2 2 2 2
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3. Research Methodology 
3.1 Test specimens. 
Three specimens of L-28.4x28.4x2.35 single equal angle steel with variation supports of pinned-pinned, 
clamped-clamped and pinned-clamped were test to under compressive loading applied. The specimen represents of 
standards material of equal angle steel  L-30x30x3 which obtained from material market in Yogyakarta. Clamped 
support model performed by providing welded joint in surrounding end cross section which can be viewed in Fig. 
2b. Meanwhile, pinned support model made by provided bearing cone at end specimen that illustrated in Fig. 2c. 
Implementations of the model of support type are presented in Fig. 3. The salient dimensional, material properties 
and length are summarizing in Table 2. 
 
Table 2. Detail of specimen 
b  = 28.4  mm x1 = 1.175 mm ex = 7.969  mm Imin = 4.025 mm4 Cx = Cy = 5.619 mm 
t   = 2.35 mm y1 = 14.2 mm ey = 7.969  mm Imaks = 15.836 mm4 J = 235.55 mm4 
A = 1.1968  cm2 x2 = 15.375 mm Io = 19,862 mm4 imin  = 5.608 mm Cw = 1,6515.286 mm6 
w = 1.004 Kg/m y2 = 1.175  mm Ixy = 5,906 mm4 imaks = 11.1249 mm L = 1,200 mm 
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3.2 Test set up 
Equipment were used in the study consisted of; body frame testing, accelerometer, dewe 43, load cell, supported 
plates, torque wrench, spanner, digital strainmeter and personal computers. Overall instrument are assembled in such 
a way as arrangement set up in Fig. 4. 
Accelerometer is placed at a distance of 10 cm (1/12L) from end to avoid the influence of the mass of the 
accelerometer on the recording frequency. Furthermore, the specimen was tested under axial compressive load 
through the pedestal plate by fastening bolts. Loading performed in stages ranging from 0 kN and increased at 
intervals of 1 kN for the clamped-clamped and 0.5 kN for pinned-pinned and pinned-clamped type support. The test 
was discontinued when the applied load reach to 0.8Pcr (critical load) and the deformation also showed a trend 
almost buckling. This is accomplished due to limitations of vibration testing methods that do not test the specimen 
in buckling failure. The process of recording the natural frequency, vibration amplitude and natural (ambient) in 
specimens were conducted at every stage of loading by using DEWESoft software on personal computers. 
Recording was also carried at the time the specimen is given by the free vibration by “hand impact” in the middle of 
the span. 
 
 
 
Fig. 2. Modeling of end support (a). Placement of loading plate; (b) Clamped Support; (c) Pinned Support. 
 
 
Fig. 3. Aplication of end support (a) pinned support; (b) clamped support 
(a) (b) (c) 
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Fig. 4. Testing set up (a) illustration; (b) application 
4. Result 
The results of the testing indicate that the overall effect of the addition of an axial compressive force led to a 
reduction the natural frequency. The results of the comparison between the experimental tests and analytical theory 
of the conditions of flexural and flexural-torsional showed a different frequency which can be seen in Figs. 5, 
although the tendency of form shows a similar pattern. It is proved that the ideal conditions assumed in the 
analytical theory of the bending and torsional bending that flops (V=Ğ) and joints (V=0) does not occur in 
laboratory testing. 
4.1 Estimated of end rotational stiffness 
At the pinned-pinned type support, value of preliminary data frequency test results and data frequency regression 
provide rotational stiffness equation by σ1 = 1.384p2 + 0.6271p – 0.1887 and σ2 = 707.54p2 + 105.81p + 108.85 
respectively. From Fig. 6 show that both of the approaches equation showed slightly different value of end rotational 
stiffness. On the other hand, on clamped-clamped type support, by simplification of the value of the end rotational 
stiffness on preliminary data and regression of frequency are generated, each approach gives the approach equation 
by σ = 51.657e6.643p and 59.871e2.6844p. The graph illustrated shows the process of linear regression on the data 
frequency test results provide differences of the end rotational stiffness significantly. 
At the pinned-clamped type support, analytical estimation calculations performed with cross- iteration approach 
to the equation of end rotational stiffness of pinned-pinned and clamped-clamped type supports that have been 
obtained previously. It was because both of end rotational stiffness of pinned-clamped type support was differ (V1Į
V2). The results of the approach by preliminary frequency data provide the V1 = 1.384p2 + 0.6271p – 0.1887  for the 
pinned and σ2 = 707.54p2 + 105.81p + 108.85 for clamped. Meanwhile, the the data regression of frequency results 
gives the approach equation σ1 = 1.289p2 + 0.711p + 0.171 for pinned and σ2 = 108.85e3,019p for clamped. 
Both of the approach equation which can be seen in Figs. 7a and 7b shows that the regression equation value 
approaches provide differences significant at the end rotational stiffness for clamped type support, but not for 
pinned.  
 
  
(a) (b)   
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Fig. 5. Axial comppresive force vs natural frequency (a) pinned-pinned type support;  
(b) clamped-clamped type support; (c) pinned-clamped type support. 
 
 
 
Fig. 6. Value of end rotational stiffness value (σ1= σ2) vs axial compressive force ratio (p = P/Pcr)  
pinned-pinned type support; (b) clamped-clamped type support. 
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Fig. 7. Value of end rotational stiffness value vs axial compressive force ratio (p = P/Pcr) on pinned-clamped type support (V1≠V2).  
(a) pinned type support; (b) clamped type support 
4.2 Prediction of axial compressive force 
By referring to end rotation stiffness values that have been estimated at each combination of type support 
previously, the analytical value of the axial compressive force acquired from experimental frequency values through 
the preliminary and the linear regression of frequency data as correction result using Eq. 7. Below in Fig. 8 process 
flow of analytical calculations is performed with stages in each iteration process. The analytical results are shown as 
a comparison to the value of the compression force on the following laboratory testing percentage relative error and 
Coefficient of Variation (COV). 
 
 
Fig. 8. Flow chart of compressive force prediction by iteration process 
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269 Purwandy Hasibuan et al. /  Procedia Engineering  95 ( 2014 )  260 – 271 
Analytical value of compressive force with the frequency of the data regression test results on the pinned-pinned 
and pinned-clamped type support showed highly close similarity to the experimental by distribution of data form to 
a straight line depicting the ratio of experimental and analytical is close to 1. In Fig. 9b and 9c, we can see the 
sequence similarity values analytical and experimental compressive force better with frequency regression than 
without regression. The result of analytical value also showed good accuracy limits the maximum value of the range 
of axial compressive member design on SNI [11] with a value of 3.88 kN and 6.07 kN respectively. Accuracy and 
uniformity of analytical values with frequency regression also depicts eligibility excellent engineering with the value 
of 0.19% and 0.52% for relative error <5% and Coefficient of Variation (COV) by 0.24% and 0.1% <10% 
respectively. The following Table 3 is the detail of relative error and COV analytical value of the experimental 
compression force in any encumbrances on the pinned-pinned and pinned-clamped type support. 
 Different circumstances occurred in the compressive force analytical of clamped-clamped type support which 
can be seen in Fig. 9a. Regression on the frequency of the test results provide the value of compressive force 
analytical accuracy significantly compared with the analytical value of the compressive force without regression. 
The regression process improves the accuracy of the analytical results of the compression force of 8.63% which 
previously gave the value 31.58% relative error in the analytical results of the compressive force with a data 
frequency without regression.  
 
 
Fig. 9. Compressive force of analytical (Pa) vs experiment (Pe). (a) clamped-clamped type support; 
(b) pinned-pinned type support; (c) pinned-clamped type support. 
(a) (b) 
(c) 
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In Table 4 can be observed a significant difference occurred in the value of Coefficient of Variation (COV) of the 
analytical results of the compressive force with a value of 10.3% for frequency data regression and 54.5% for 
frequency data without regression. This strongly suggests that the frequency of regression test results providing 
value significant analytical compressive force on the clamped-clamped type support, though fulfillment of the 
requirements engineering with the value of the relative error is greater than 5%, by 8.63%, and the relative COV 
greater than 10 %, by 10.2%, insufficient as a well result.  
 
Table 3. Relative erorr and Coefficient of Variation (COV) commpresive force of analytical (Pa) and experiment (Pe) 
Pe (kN) 
pinned-pinned type support pinned-clamped type support 
σ ≠ 0, f preliminary σ ≠ 0, f regression 0  < σ2 dan σ1 < ∞, f preliminary 
0  < σ2 dan σ1 < ∞, f  
regression 
Pa 
(kN) 
Erorr 
(%) Pa/Pe Pa (kN) 
Erorr 
(%) Pa/Pe 
Pa  
(kN) 
Erorr 
(%) Pa/Pe 
Pa  
(kN) 
Erorr 
(%) Pa/Pe 
0.0 0.000 - - -0.001 - - 0.00 - - 0.02 - - 
0.5 0.533 6.50% 1.065 0.497 0.53% 0.995 0.45 9.67% 0.903 0.52 3.45% 1.034 
1.0 0.916 8.42% 0.916 0.996 0.39% 0.996 0.92 7.55% 0.924 1.01 1.39% 1.014 
1.5 1.532 2.11% 1.021 1.497 0.21% 0.998 1.41 6.16% 0.938 1.51 0.54% 1.005 
2.0 2.117 5.85% 1.058 1.999 0.05% 0.999 2.07 3.46% 1.035 2.00 0.07% 1.001 
2.5 2.783 11.32% 1.113 2.502 0.06% 1.001 2.40 4.15% 0.958 2.50 0.19% 0.998 
3.0 3.199 6.65% 1.066 3.004 0.13% 1.001 2.73 8.96% 0.910 2.99 0.31% 0.997 
3.5 3.698 5.65% 1.057 3.505 0.14% 1.001 3.40 2.72% 0.973 3.49 0.33% 0.997 
4.0 3.987 0.34% 0.997 4.002 0.06% 1.001 4.08 2.04% 1.020 3.99 0.30% 0.997 
4.5 4.059 9.80% 0.902 4.495 0.11% 0.999 4.59 1.96% 1.020 4.49 0.22% 0.998 
5.0 - - - - - - 5.10 1.93% 1.019 4.99 0.12% 0.999 
5.5 - - - - - - 5.78 5.08% 1.051 5.50 0.01% 1.000 
6.0 - - - - - - 6.12 2.01% 1.020 6.00 0.08% 1.001 
6.5 - - - - - - 6.45 0.71% 0.993 6.51 0.14% 1.001 
7.0 - - - - - - 6.79 2.96% 0.970 7.01 0.15% 1.001 
Mean  6.29% 1.022  0.19% 0.999  4.24% 0.981  0.52% 1.003 
Std.Dev   0.072   0.002   0.049   0.010 
COV   7.00%   0.24%   4.9%   1.0% 
 
 
Table 4. Relative erorr and Coefficient of Variation (COV) commpresive force of analytical (Pa) and experiment (Pe)  
on clamped-clamped type support 
Pe (kN) σ ≠ 0, f preliminary σ ≠ 0, f regression Pa (kN) Erorr (%) Pa/Pe Pa (kN) Erorr (%) Pa/Pe 
0 0.00  - - (0.06) - - 
1 3.52  252.18% 3.52 1.17  16.67% 1.17 
2 4.14  106.91% 2.07 2.30  15.14% 1.15 
3 4.71  56.91% 1.57 3.37  12.19% 1.12 
4 4.89  22.26% 1.22 4.37  9.18% 1.09 
5 5.24  4.90% 1.05 5.32  6.31% 1.06 
6 5.91  1.46% 0.99 6.22  3.63% 1.04 
7 6.86  2.05% 0.98 7.08  1.13% 1.01 
8 7.88  1.53% 0.98 7.90  1.21% 0.99 
9 8.97  0.38% 1.00 8.69  3.41% 0.97 
10 9.99  0.11% 1.00 9.45  5.49% 0.95 
11 10.84  1.45% 0.99 10.18  7.45% 0.93 
12 11.54  3.82% 0.96 10.88  9.32% 0.91 
13 12.43  4.37% 0.96 11.56  11.10% 0.89 
14 13.07  6.64% 0.93 12.21  12.81% 0.87 
15 13.69  8.73% 0.91 12.83  14.45% 0.86 
Mean  31.58% 1.28  8.63% 1.00 
Std,Dev   0.69   0.10 
COV   54.5%   10.3% 
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5. Conclusion and Suggestion 
5.1 Conclusion 
Overall the combination of types support, increasing the axial compressive load led to a reduction the natural 
frequency of the structure of the slender element of single angle. Pinned support (³ =0) and clamped (³ =Ğ) are 
difficult to occur, in other words the end rotational stiffness occurs in ³>0 (pinned) and ³<Ğ  (clamped). 
Analytical value of axial compressive load with the linier regression data of frequency of pinned-pinned, clamped-
clamped and pinned-clamped provides better accuracy than the preliminary data frequency of the test results. The 
value of average relative error with the data frequency regression test results for pinned-pinned, clamped-clamped 
and pinned-clamped provides by 0.19%, 8.63% and 0.52% respectively. Statically, analytical value and the 
experiments provide a compliance of similarity by Coefficient of Variation (COA) with 0,2%, 10,2% and 1% for 
pinned-pinned, clamped-clamped and pinned-clamped respectively. 
5.2 Sugesstion 
Another test needs more variations of slenderness ratio, length of rod and cross-section types. Necessary to 
measure the lateral deformation due to axial load measuring mode shape of rod. Required research on the end 
rotation stiffness more detail, especially on one axis of symmetry cross-section focused on stiffness character at each 
axis of cross-section. 
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